Abstract-This paper presents a complete static stiffness model of the prismatic joint of a modular reconfigurable robot based on the finite-element-and-analytical combined method. The stiffness of the mechanical drive system was analyzed, and its tension and compression stiffness, which can be expressed by a formula, was obtained. The stiffness of the mechanical structure was extracted by employing the finite element method. The additional stiffness due to translational motion of the joint was analyzed. Then the comprehensive stiffness of the joint was obtained by combing the above stiffness parts. A simulation, which consists of four working conditions, was conducted, and the results show that the proposed method is valid.
INTRODUCTION
A modular configurable robot (MRR) can adapt to various tasks and environments due to its reconfiguration ability. However, redundant structures may be introduced due to the design concept of reconfiguration and lightweight. This problem challenges the stiffness design of the robots, and then affects the positioning accuracy of the robots. Actually, the positioning accuracy is at least one order of magnitude lower than the repeatability of the same robot [1] . Therefore, modeling the stiffness and the elastic deformation is one of important methods to improve the manipulating accuracy.
For a traditional serial robot, due to the high stiffness of its links and other structures, it is enough to just consider the flexibility of its joints when establishing the stiffness model of the robot. Zong et al. [2] researched the effect of the stiffness configuration of drive system on the end-effector deflection, and modeled the stiffness model of some parts which are important components of the joint drive system. Lin et al. [3] simplified the transmission chain to a series of elastic elements, and established the stiffness model of a spray robot. Carbone et al. [4] considered the flectional and torsion stiffness of links as an additional component of the torsional stiffness of the respective joints. Abele et al. [5] employed the concept of virtual joint, and added two virtual joints to each joints, and then obtained the compliance model of a robot. However, the linear stiffness of joints and links are still not considered in this method. Oueslati et al. [6] presented an identification method of flexibility parameters of robot joints, and the nonlinear effect of the gravity and the friction was studied. The parameter-identification-method based stiffness modeling was studied by many other researchers [7] [8] [9] [10] . Finite Element Method (FEM) is also an effective method for robot stiffness modeling. Mekaouche et al. [11] studied the stiffness of a parallel robot by using the stiffness of robot components obtained by finite element analysis software. Luan et al. [12] established the mathematical model of flexible hinge by FEM, and the stiffness model of a robot was setup by using the method of integral stiffness and combining coordination equation with force balance equation.
The above studies mainly concerned about the torsional stiffness of robot joints and the bending stiffness of the structures. The linear stiffness of the mechanical components was not considered too much. Therefore, the stiffness models may be not precise enough, and the models are not applicable to prismatic joints.
In this paper, we propose a precise stiffness modeling method for the prismatic joint of a modular reconfigurable robot. We divide the stiffness model of the joint into two elements, the mechanical drive system stiffness element and the structure stiffness element, then establish the models of the two elements respectively, and finally combine them to obtain the comprehensive stiffness model of the joint. This paper is organized as follows: section II introduces the structure of the prismatic joint; section III gives the tension and compression stiffness model of the joint; section IV presents the structure stiffness model; the comprehensive stiffness is modeled in section V; then a simulation is conducted in section VI; finally, section VII gives the conclusions.
II. THE STRUCTURE OF THE PRISMATIC JOINT
The structure of the prismatic joint of the modular reconfigurable robot MRRES is shown in Fig. 1 [13] . The joint provides a translational degree of freedom (DOF). The driving system of the joint consists of a micro DC brushless servomotor, a planetary gear (PG) reducer and a ball screw. In order to reduce the length of the joint, the axis of the motor shaft is installed parallel to that of the ball screw, and movement is transformed through a gear pair. The electromagnetic brake is installed on the screw shaft. The prismatic part of the joint is guided by four guide bars uniformly distributed on the circumference. 
III. THE STIFFNESS MODELING OF MECHANICAL DRIVE SYSTEM
The mechanical drive system of the prismatic joint is shown in Fig. 2(a) . Obviously, both rotation and translation motions are contained in the drive system. These two motions act differently in the stiffness model, and they correspond to the torsional stiffness and the tension and compression stiffness, respectively. The torsional stiffness cannot act in the output flange directly but acts as a part of tension and compression comprehensive stiffness. In this paper, as shown in Fig. 2(b) , we divide the stiffness of the joint into two subsystems: the torsion subsystem and the tension and compression subsystem. The stiffness of the torsion subsystem will be translated into tension and compression stiffness.
Below we will analyze the two subsystems respectively, and then combine them to obtain a comprehensive stiffness model of the mechanical drive system. DC Brushless motor PG reducer Brake (a)The mechanical drive system of the prismatic joint DC Motor PG reducer Gear pair 
A. Torsional Stiffness of the Torsion Subsystem
The torsional stiffness consists of a motor, a planetary gear (PG) reducer, a gear pair and a lead screw. The components of torsion system have torsional stiffness, which is presented at the output of the joint in the form of tension and compression stiffness by the movement of the screw pair.
The gear pair is a complex system with variable torsional stiffness during working [14] . Because of the light load on the gear pair, the stiffness of the gear pair is neglected.
The torsional stiffness of the guide screw is
(1) where d is diameter of lead screws, G is the material shear modulus, and l is the distance between the screw nut and the bearing support.
The equivalent stiffness of each parts of the torsion systemon the output of the lead screw is
where k m and k p are the stiffness of the motor and the reducer, respectively. So, total torsional stiffness of the torsion system can be written as
B. Stiffness of the Tension and Compression Subsystem
The tension and compression stiffness of the subsystem is mainly composed of three parts: the tension and compression stiffness of the lead screw k L , the contact stiffness between the screw and its nut k N , and the supporting stiffness of the supporting system k B .
The stiffness of the lead screw is mainly related to its size and supporting system. For a lead screw with one end fixed and the other end free, the tension and compression stiffness can be written as
where E is the material Young's modulus, and l is the distance between the screw nut and the bearing support.
According to (4) , when the screw nut moves on the lead screw, the tension and compression stiffness of the screw is inversely proportional to the distance between the screw nut and the bearing support.
The contact stiffness of the screw thread pair is Where k base is the basic stiffness of the screw, F a is the axial load and C a is the basic rated dynamic load.
The supporting stiffness of the supporting system is 
C. The Tension and Compression Comprehensive Stiffness of the Prismatic Joint
The tension and compression comprehensive stiffness of the prismatic joint is combined with the torsional stiffness of the torsion subsystem and the tension and compression stiffness of the tension and compression subsystem. The equivalent stiffness of the torsion system on the output coordinate system of joints can be derived by
where ph is the lead of the screw.
Therefore, the comprehensive tension and compression stiffness of the prismatic joints is:
IV. STRUCTURAL STIFFNESS MODELING OF THE PRISMATIC JOINT
By using FEA software [15] , the finite element model of prismatic joints is established, and its stiffness matrix can be extracted by the substructure method [13] . As shown in Fig.3(a) , the prismatic joint can be equivalent to a superelement with two master DOFs which in the center of the output and input flanges separately. MASS elements are used to simulate master DOFs, and the MASS elements are connected with the real interface of joints by a multipoint constraint (MPC). To simplify the computational process, the node in input interface can be fixed as shown in Fig.3(b) , and the DOFs of this superelement can be reduced from 12 to 6.
In addition, the stiffness matrix of prismatic joint varies with its displacement. Therefore, for convenience, the joint stiffness matrix in the zero position is extracted for stiffness modeling.
The structure stiffness of the prismatic joint, which is a 6 6 matrix, is denoted as K s . The matrix contains all the stiffness properties in the six dimension space. 
V. COMPREHENSIVE STIFFNESS MODELING

A. Stiffness Modeling of Joint in Zero Position
When the joint is in the zero position, the comprehensive stiffness model can be regarded as the two parts connected in series: structural stiffness K S , and mechanical drive system stiffness K P , which are expressed in the output coordinate system of the joint. The comprehensive stiffness K J of the prismatic joint is presented as
where K J, K P , and K S are 6 6 stiffness matrices. (7)can also be expressed in the form of a compliance matrix.
Where C J, C P , and C S are 6 6 compliance matrices of the joint, the mechanical drive system and the mechanical structure , respectively. As shown in Fig.4 , when displacement of joints is not zero, the extended part of the joint adds extra compliance to the joint. Regarding the extended part as a cantilever beam, the stiffness matrix of the extended part can be expressed in the reference system {Ji2_0} as The compliance matrix of the extended part can be written as 1C K (9) Note that actually the tension and compression stiffness along and about Z axis is already contained in the structure stiffness part, and hence the elements of row 3 and row 6 should be set to zero.
B. Stiffness Modeling of Jointin Non-zero Position
The comprehensive compliance of the joint can be obtained by adding (8) and (9), and the compliance matrix in the output coordinate system of the joint can be expressed as In this section, firstly we compute the stiffness of the mechanical drive system and extract the stiffness matrix of the joint structures, then calculate the stiffness matrix of the extended part, and finally compute the comprehensive stiffness model. The results of calculation and simulation are compared to validate the proposed method.
A. Stiffness of the Mechanical Drive System
The torsional stiffness of the motor, the planetary reducer and the lead screw in the output coordinate system are 
Nm rad q
where q is the joint variable value. The torsional stiffness of the torsion system is given by (3):
The equivalent axial stiffness of the torsion system in the output of the lead screw is obtained by (5). The tension and compression stiffness of the screw shaft, the contact stiffness of the screw thread pair and the supporting stiffness of the supporting system are as follows: 
Therefore, the comprehensive tension and compression stiffness of the prismatic joint is obtained by (6). An FEA model is established, as shown in Fig. 5(a) . One of the FEA results is shown in Fig. 5(b) . The comparison between the results of the proposed method and the FEM is shown in table I. By comparing the results of the two sets of data, the results show that the deformations of the two methods are very close, especially in X axis and Z axis. On the total deformation, the finite element analysis is close to the calculated results, and the error range is within 6%. With the increase of the joint displacement, the relative errors of the total elastic deformation are increasing. There are many reasons for the errors of the results. The structural stiffness matrix is changing with joint displacement, but it is considered as a constant matrix in this paper. It is an ideal situation that the extended part as a cantilever beam, the additional stiffness matrix has some error. In addition, the finite element model grid meshing will also affect the FEM results.
In summary, although the results of the proposed method are not the same as that of the FEM, the former method is valid and accurate enough for the prismatic joint. VII. CONCLUSIONS This paper proposed a precise stiffness modeling method of the prismatic joint of a modular reconfigurable robot. This method divides the stiffness model of the prismatic joint into two elements, the mechanical drive system stiffness element and the structure stiffness element, then establishes the models of the two elements by calculation and substructure methods respectively, the two elements were combined to obtain the comprehensive stiffness model of the joint. Finally, the results of the simulation show that the proposed method is correct and valid.
Aimed at the practical application, experiments will be carried out to verify the proposed method in the future, and the method of improving accuracy of modular reconfigurable robot by using this model will be studied.
